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A first-principles analysis, which self-consistently takes into account the collisions of tracer particles with
quantum vortices, demonstrates that there exist feasible thermal counterflow turbulence particle image veloci-
metry experiments that, for sustained periods of time, very accurately record the normal-fluid velocity. More-
over, sporadic, abrupt, and readily discernible deviations of tracer particle velocity from normal-fluid velocity
always correspond to nonarresting particle-vortex collisions of finite duration that do not nullify the experiment
and allow unambiguous pointwise-accurate tracking of quantum vortex position.
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Thermal superfluids1–3 hold a special position within
quantum physics. Indeed, they allow accessible laboratory
tests of basic quantum field-theoretic ideas and exhibit the
important phenomenon of Bose-Einstein condensation. Be-
cause of the latter, there exists a nontrivial ground state that
corresponds to the superfluid component while the thermal
quasiparticle excitations of this ground state correspond to
the normal-fluid component. The superfluid component dy-
namics is described by nonlinear generalizations of the
Schrödinger equation, predicting accordingly the existence
of quantized vortices. Despite the conceptual and practical
importance of both superfluid vortices and normal-fluid flow,
it has been proven difficult until now to directly measure the
local normal-fluid velocity and unambiguously track, with
pointwise accuracy, dynamical individual quantum vortex
positions. Indeed, Zhang and Van Sciver4 released micron-
sized solid particles in thermal counterflow turbulence and
found that their recorded velocities do not correspond to the
velocity of the normal fluid. On the other hand, Bewley et
al.5 employed tracer particles in order to visualize superfluid
vortices assuming that, following a collision, the former are
trapped by the latter. Kivotides and co-workers6–8 analyzed
this hypothesis and concluded that it is not generally valid,
thus requiring careful qualification in every particular case.
Recently, the particle image velocimetry �PIV� experiment of
Zhang and Van Sciver4 was also analyzed by Kivotides9 who
clarified the underlying physical processes and obtained ex-
cellent agreement between measurements and first-principles
computations that take into account, in a self-consistent fash-
ion, particle-vortex collisions. The key theoretical findings
are: �a� away from an isolated superfluid vortex, viscous drag
causes a particle to move with the normal-fluid velocity,10 �b�
when a particle collides with a straight superfluid vortex at
finite temperature, there is a critical approaching velocity
below which the particle is trapped by the vortex,6,7 and �c�
for high normal-fluid counterflow velocities, the developed
turbulent tangle in the superfluid is so dense that, although a
particle escapes its collisions with the vortices, the effect of
the latter on its motion is so large that any possibility for
normal-fluid velocity measurement is lost.9 These findings
bring forward the following riddle: Are counterflow turbu-
lence experiments in which the normal-fluid velocity is large
enough to be above the trapping critical velocity threshold

but at the same time small enough not to create dense coun-
terflow tangles �which by interacting with particles eliminate
any possibilities for local normal-fluid measurement� al-
lowed by the dynamical laws of superfluid physics? In this
contribution, we analyze this enigma from first principles
and show that it has a positive resolution. Thus, we propose
a feasible PIV thermal counterflow turbulence experiment
that, despite sporadic particle collisions with superfluid vor-
tices, does not involve particle trapping and accurately reg-
isters for sustained periods of time the local normal-fluid
velocity. Moreover, in this experiment, a particle that, for a
finite period of time between collision and detachment in-
stants, fails to record the normal-fluid velocity not only does
not manifest experimental failure but, instead, unambigu-
ously tracks the motion of the quantum vortex that during
this period is attached to it. The definiteness of vortex track-
ing is due to the fact that particle-vortex collisions cause
abrupt and intense particle-velocity oscillations that cannot
be confused with the much smoother normal-fluid velocity
time series. The harmonious combination of these two fea-
tures ensures that future PIV experiments, of the type out-
lined here, could play a decisive role in probing essential
superfluid physics.

The mathematical model includes, in a self-consistent
fashion, particle-vortex collision physics. In particular, de-
noting by X�� , t� the superfluid vortex tangle L, where � is
the arclength parametrization along the vortices and t is time,
the superfluid vortex dynamics obeys the following law:

�X

�t
= Vs + Vb + V� + V f . �1�

The first contribution to the right-hand side is the vortex-
induced superfluid velocity Vs that is given by the Biot-
Savart integral,

Vs�x� = −
�

4�
�

L
d�

X� � �X − x�
�X − x�3

, �2�

where X���X /�� is the unit tangent vector �along the di-
rection of the singular superfluid vorticity� and � is the quan-
tum of circulation. The distortion of vortex-induced flow by
a particle immersed in the fluid is taken into account by the
Vb term.11 Notably, the model departs from traditional point-
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particle treatments of classical multiphase fluids12 by depict-
ing suspended particles as finite spheres and satisfying ex-
plicitly the solid-liquid interface boundary condition which
requires the fluid velocity to be along the tangent of the
particle surface. This approach, as well as the application of
numerical and computational vortex methods to superfluids,
was pioneered by Schwarz.13,14 In these works however, the
vortices collided with fixed particles while here the collision
dynamics are treated self-consistently.6,7 The superflow ve-
locity field V� corresponds to the motion of a spherical par-
ticle with velocity Vp in a uniform unbounded inviscid flow
with velocity Vs,c. The latter is the superfluid counterflow
velocity that, together with the normal-fluid counterflow ve-
locity, satisfies mass conservation �sV

s,c+�nVn,c=0. Here, �s
is the superfluid mass density and �n is the normal-fluid mass
density. V� is given by6

V��x�z� = Vs,c�x� + 0.5�a

r
�3

�Vs,c�z� − Vp�z�	 · �I − 3
x�x�

r2 � ,

�3�

where V��x �z� is the velocity of the superfluid at x when the
center of a sphere of radius a is located at z, I is the 3�3
unit matrix, x�=x−z, and r= �x−z�. V f models mutual fric-
tion effects on the vortices15

V f = h�X� � �Vn,c − �Vs + Vb + V��	

+ h���X� � �X� � Vn,c� + Vs + Vb + V�	 , �4�

where Vn,c is the kinematically prescribed counterflow
normal-fluid velocity and h�, h�� are dimensionless mutual
friction coefficients.6,15 The particle equation of motion9 ex-
tends the Schwarz equation of motion13 �which refers to a
particle in a pure superfluid� to the realm of thermal super-
fluids by taking into account normal-fluid effects on the par-
ticle,

me
dVp

dt
= 6�a�n�Vn − Vp� + 2��sa

3�Vs�z,t�
�t

+
1

2
�s�

S

dS�Vs + Vb�2n̂ , �5�

where me is the effective particle mass me=m+ �2 /3����s
+�n�a3, m is the particle mass, �n is the dynamic viscosity of
the normal fluid, and Vs�z , t� is the vortex-induced velocity
at the particle center. The particle is neutrally buoyant. A few
remarks about the plausibility of the proposed mathematical
model are appropriate here. First, how important is the lack
of self-consistent treatment for the normal-fluid? Although a
replacement of the kinematic normal-fluid modeling by a
dynamical one is a desirable future development, Kivotides9

obtained very good agreement between the present model
and the Zhang-Van Sciver4 measurements. Noting moreover
that the analysis of Kivotides9 referred to the motion of a
particle in very dense tangles with corresponding dynamical
complexity �due to multiple simultaneous particle-vortex
collisions�, far greater than the complexity of the cases stud-
ied here, we have every reason to trust the adequacy of our
model. In addition, the important normal-fluid effects on the

particle are modeled by a drag force of viscous origin �due to
normal-fluid flow around the particle known as Stokes flow�
and an “added mass force” that takes into account the work
that the particle has to do on the fluid when it accelerates
through it. In order to take advantage of the rich and com-
plex physics of the model, we ought to employ accurate
methods for its solution. We apply the methods developed by
Kivotides et al.6 Kivotides et al.6 demonstrated in great de-
tail the accuracy of the solid-liquid interface treatment. The
accuracy of our vortex dynamics methods was demonstrated
by Kivotides and Wilkin.8

The working superfluid is 4He. We performed a trial and
error procedure with various counterflow velocities, tempera-
tures, and system sizes in order to find a set of flow param-
eters that answers the riddle posed in the introduction. The
suggested values were Vy

n,c=−10 cm s−1 for the normal-fluid
counterflow velocity along the y direction, T=1.3 K for the
temperature, and lb=0.005 cm for the system size. The
solid-liquid interface boundary condition which requires the
fluid velocity to be along the tangent of the particle surface is
enforced in all computations with at least 0.1° of accuracy,
and the number of terms in the Legendre expansion in the
computation of Vb �Refs. 11 and 13� required for this accu-
racy does not exceed 30. The tracer particle radius is
a=10−4 cm and is resolved with at least six vortex
segments. This resolution has been proven adequate9

in depicting smooth vortex contour dynamics at the scale
of the particle size and results in discretization length
�l
1.56�10−5 cm along the vortices. The typical time step
is �t
0.3�10−7 s. This time step resolves both the fastest
Kelvin waves in the system and viscous effects on the par-
ticle since it is always smaller than 0.1	, where 	 is the
Stokes time 	=a2�p /3�n. We first establish a steady-state
counterflow turbulence in the absence of any particles. For
the aforesaid choices of normal-fluid counterflow velocity,
temperature, and system size, we find a steady-state vortex
line density equal to 
=0.1168�107 cm−2. The particle is
then inserted as described in Ref. 9 with zero initial velocity
at distance of 1.6a from the boundary of the computational
domain. The calculations stop when the particle reaches the
end of the box.

We have performed 11 computations �with random initial
particle positions on the x-z plane� in order to draw generally
valid inferences. A sample initial condition is shown in Fig. 1
�top�. The results support a number of conclusions. First, in 6
out of 11 cases, the particle propagates throughout the box
without a single collision with vortices. In these cases, the
particle velocity is approximately equal to the normal-fluid
velocity. A typical time series is shown in Fig. 1 �bottom�.
Notably, there is an initial transient during which the parti-
cle’s velocity adjusts �because of drag forces� to the normal-
fluid velocity. Defining the particle response time as the time
needed for its velocity to grow to 63% �i.e., �e−1� /e	 of the
normal-fluid velocity, we find a numerical response time
tr=3.057�10−5 s. Therefore, since 	=3.193�10−5 s, vis-
cous effects are accurately captured. These data constitute
proof that highly accurate normal-fluid velocity measure-
ment for sustained periods of time is possible in superfluids.
Certainly, this was first pointed out in Ref. 10, where the
particle was idealized as a point. However, as discussed in
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Ref. 8 and in opposition to the classical fluids case, a point-
like particle is a drastic approximation in the context of
quantum fluids. Equally important, Ref. 10 dealt with a
single vortex ring and not a turbulent tangle. Thus, the new
element here is that, despite finite particle size and vortex

tangle complexity, the tangle is dilute enough for nonat-
tached vortices to have a negligible effect on particle motion.
Definitely, there are instances when a vortex approaches a
particle close enough to induce a deviation of the latter’s
velocity from the normal-fluid one but the results show that
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FIG. 1. �Color online� �a� Sample initial configurations for particle and vortex tangles in a thermal counterflow at temperature T
=1.3 K and normal-fluid velocity Vy

n,c=−10 cm s−1. The particle has initial velocity zero. �b� Particle-velocity components versus time for
a typical evolution without collisions. Evidently, the particle tracks the normal-fluid velocity with great accuracy. Also observed is the initial
response-time regime.
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FIG. 2. �Color online� On the upper left: particle-velocity time series for the longest particle-vortex collision. �a� The collision point is
fixed by the onset of strong oscillations �ta=3.23�10−4 s�, where the generation of Kelvin waves is also observed. Following the collision
is the odographic-vortex regime of particle travel �b� along the vortex �tb=6.33�10−4 s�, which is characterized by strong high-frequency
particle-velocity oscillations and �c� ends at point S �tc=7.0�10−4 s�. Subsequently, the regime of particle induced vortex stretching starts.
The dynamics here leads to the formation of a characteristic �d� protruding spike �td=9.95�10−4 s� and corresponds to a nonoscillatory
tendency of the particle’s velocity to equalize itself with the normal-fluid velocity. This regime ends at �e� point D �te=10.40�10−4 s� where
the vortex detaches from the particle via a sequence of reconnections that take place once the aforesaid vortex spike becomes too narrow.
Finally, the particle, free of vortices, recovers �due to viscous drag� the normal-fluid velocity. The formation of such pronounced long spikes
is not a universal feature of particle-vortex detachment processes since it depends on the degree of vortex-outline alignment with the
counterflow direction in the neighborhood of the collision site.

NORMAL-FLUID VELOCITY MEASUREMENT AND… PHYSICAL REVIEW B 78, 224501 �2008�

224501-3



such deviations are at most 4% of the normal-fluid velocity
and do not contaminate significantly the measurement. This
4% magnitude also indicates that normal-fluid fluctuations
caused by mutual friction excitation from the superfluid vor-
tices are not problematic in the context of the present con-
clusions since, as shown by Kivotides,16 their corresponding
Reynolds number is smaller than unity while the present
normal-fluid Reynolds number is Re=21.4558. Therefore,
their magnitude is comparable to the strongest fluctuations
induced on particle velocity by the totality of the nonattached
vortices. In the other cases, the particle collides with the
tangle. Does this nullify a PIV experiment? Our analysis
suggests that the phenomenology of such collisions is gov-
erned by simple laws that answer this question negatively.
Most importantly, collisions are readily discernible �in the
particle’s velocity time series� events that never result in
particle-vortex locking or sustained particle-motion rever-
sals. Moreover, the post-collisional particle behavior depends
upon the relative orientation of the vortex contour in the
vicinity of the collision site with respect to the counterflow
direction. In particular, when the vortex outline opposes or
extends normally to the counterflow direction, the particle is
first acted upon by a strong decelerating collision-induced
force before continuing its forward motion dragging the vor-
tex behind it, always breaking free eventually. If, however,
the vortex outline aligns �to a greater or lesser degree� with
the counterflow direction, the particle, without altering the
direction of its motion, travels along it while at the same
time suffering rapid high-frequency velocity vibrations that
strongly differ from the precollisional normal-fluid tracking
regime time series. This “odographic-vortex” regime lasts
until the particle has to choose between following further the
vortex contour against the counterflow and escaping. For the
particular flow conditions here, the particle always chooses

the second option, and after dragging the vortex behind it
forming a characteristic protruding spike configuration, it fi-
nally separates from it. This dragging regime is also discern-
ible in an experiment. First, it differs from the odographic-
vortex regime by the much smoother oscillation-free
particle-velocity time series that characterize it and from the
postdetachment viscous-drag-dominated regime by the much
less pronounced �although still monotonic� tendency of par-
ticle velocity to equalize itself with the normal-fluid velocity.
This latter feature is associated with the pull of the trailing
vortex. Notably, in all computations performed here, break-
away particles do not carry any attached small rings despite
the fact that such cases cannot be excluded in principle. The
conclusions are exemplified in the context of the longest
particle-vortex collision computed here, as shown in Fig. 2.
The duration of this collision was �t=6.8�10−4 s. For com-
parison, in the shortest collision case, �t=1.3�10−4 s.

In conclusion, the impact of the present results on PIV
experiments is positive since they rigorously show that there
is a range of counterflow turbulence parameters within which
an interpretation of measurements in terms of an unambigu-
ous sequence of highly accurate normal-fluid velocity and
superfluid vortex contour tracking regimes is possible. It is
also important to note that, in case of a turbulent normal fluid
in homogeneous systems, things are not so straightforward.
Particle-velocity fluctuations induced by collisions with vor-
tices would introduce high-frequency particle-velocity fluc-
tuations that could be confused with genuine turbulent
normal-fluid fluctuations. Moreover, the governing dynami-
cal laws do not support a fully developed turbulent normal
fluid coexisting with a dilute vortex tangle. Dynamically
consistent tangles would be dense and, via frequent colli-
sions with particles, would decorrelate the velocity of the
latter from the velocity of the normal fluid.
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